- 


.  f 


a/ 

UNCLASSIFIED 


(P 


ANALYSIS  AND  ELEMENT  PATTERN  DESIGN 
OF  PERIODIC  ARRAYS  OF 


. 


Oi 

Oi 


CIRCULAR  APERTURES  ON 
CONDUCTING  CYLINDERS 


Giorgio  V.  Borgiotti 


RAYTHEON  CO.  MISSILE  SYSTEMS  DIVISION 
BEDFORD  LABORATORIES 
Hartwell  Rd.  Bedford,  Massachusetts  01730 


CONTRACT  NO.  F19628-70C-0226 
PROJECT  NO.  4600 
TASK  NO.  460010 
UNIT  NO.  46001001 

SCIENTIFIC  REPORT  NO.  1 
NOVEMBER  1970 

CONTRACT  MONITOR:  ALLAN  SCHELL 
MICROWAVE  PHYSICS  LABORATORY 


r>  ^ 

ff'r 


I : 

U  , 


cf 


This  document  has  been  approved  for  public 
release  and  sale;  its  distribution  is  unlimited. 


Roproducod  by 

NATIONAL  TECHNICAL 
INFORMATION  SERVICE 

$prlngfl«ld,  V».  22151 


Prepared  for 

AIR  FORCE  CAMBRIDGE  RESEARCH  LABORATORIES 
AIR  FORCE  SYSTEMS  COMMAND 
UNITED  STATES  AIR  FORCE 
Bedford,  Massachusetts  01730 


V 


v  n<~> 


*  t  6 


\ 


uq 


L 


UNCLASSIFIED 


/won.-  imk 


ANALYSIS  AND  ELEMENT  PATTERN  DESIGN 
OF  PERIODIC  ARRAYS  OF 
CIRCULAR  APERTURES  ON 
CONDUCTING  CYLINDERS 

Giorgio  V.  Borgkmi 
Quirino  Bolzano 

RAYTHEON  CO.  MISSILE  SYSTEMS  DIVISION 
BEDFORD  LABORATORIES 
Hartwell  Rd.  Bedford,  Massachusetts  01730 


CONTRACT  NO.  F19628-70-C4226 

PROJECT  NO.  4600 
TASK  NO.  460010 
UNIT  NO.  46001001 

SCIENTIFIC  REPORT  NO.  1 
NOVEMBER  1970 


CONTRACT  MONITOR:  ALLAN  SCHELL 
MICROWAVE  PHYSICS  LABORATORY 


This  document  has  been  approved  for  public 
release  and  sale;  its  distribution  is  unlimited. 


Prepared  for 

AIR  FORCE  CAMBRIDGE  RESEARCH  LABORATORIES 
AIR  FORCE  SYSTEMS  COMMAND 
UNITED  STATES  AIR  FORCE 
Bedford,  Massachusetts  01730 


UNCLASSIFIED 


ii 


UNCLASSIFIED 


ABSTRACT 

The  analysis  and  the  design  cf  the  elements  of  a  large  array  of 
circular  apertures  on  a  triangular  grid  is  approached  by  modeling  the 
antenna  as  an  infinite  structure  rotationally  symmetric  and  periodic  along 
the  cylinder  axis.  Because  of  this  particular  symmetry  every  possible 
excitation  is  the  superposition,  with  suitable  weights,  of  a  set  of  fundamental 
excitations  oaving  uniform  magnitude  and  linear  phase  progression  in  the 
azimuthal  direction  and  in  the  direction  of  the  cylinder  axis  ("eigenexcita- 
tions").  Thus,  by  invoking  superposition  the  electromagnetic  analysis  of 
the  array  is  reduced  to  the  solutions  of  the  simpler  boundary  value  problems 
pertinent  to  the  set  of  eigenexcitations.  This  is  done  by  expanding  the  field 
in  normal  modes  in  the  region  exterior  to  the  cylinder  and  in  the  waveguides 
feeding  the  apertures,  followed  by  a  field  matching  at  the  cylinder  surface 
(obtained  approximately  through  Galerkin's  method).  The  realized  gain 
pattern  of  the  radiators  can  be  modified  to  a  considerable  extent  by  using 
an  "element  pattern  shaping  network"  (in  the  radiator  waveguides),  serving 
the  purpose  of  matching  the  array  for  a  selected  eigenexcitation.  Criteria 
for  the  network  design  are  given.  A  series  of  numerical  examples 
illustrates  the  technique  and  shows  that  a  "flat"  element  pattern  can  be  thus 
obtained  with  a  gain  fall  off  with  respect  to  the  peak  of  less  than  6  db  at 
80  degrees. 
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1.  INTRODUCTION 


It  is  the  purpose  of  this  report  to  present  certain  recent  developments 
in  conformal  array  theory  and  design.  Some  results  are  of  a  theoretical 
nature,  that  is,  they  establish  effective  methods  of  analysis  for  practical 
structures  thus  allowing  a  better  insight  of  their  electromagnetic  behavior. 
Other  results  are  of  direct  relevance  for  the  design.  In  fact  a  technique 
is  introduced  which  allows  the  modification  of  the  realized  gain  pattern  of  an 
element  via  a  control  of  the  mutual  coupling  mechanism,  simply  by  placing 
a  matching  network  in  the  element  waveguides.  Through  this  method  it  is 
possible  to  tailor  the  element  pattern  to  meet  the  scan  coverage  requirement 
of  the  array:  if  for  example  the  array  is  designed  for  wide  angle  performance, 
the  radiation  at  direction  near  grazing  incidence  can  be  enhanced  at  the 
expense  of  broadside  gain. 

Conformal  array  theory  has  significantly  advanced  during  the  last  two 
to  three  years.  Methods  of  analy  sis  for  cylindrical  arrays,  taking  into 
account  mutual  coupling,  have  been  developed  for  idealized  structures 
consisting  of  infinite  slits  fed  by  parallel  plate  waveguides  [1-3].  More 
recently  cylindrical  infinite  arrays  of  rectangular  apertures,  polarized  in 
circumferential  direction,  have  been  studied  by  Gladman  [4]  and  Sureau  and 
Hessei  [5]  who  considered  elements  in  a  rectangular  grid.  A  mutual  coupling 
analysis  of  an  array  consisting  of  a  finite  number  of  rings  of  rectangular 
axially  polarized  apertures  in  triangular  arrangement  has  also  been  per¬ 
formed  by  Borgiotti  and  Balzano  [6],  who  showed  dependence  of  the  element 
pattern  upon  its  distance  from  the  edge  of  the  array.  * 

In  this  report  arrays  of  flush  mounted  circular  apertures  are  considered. 
The  apertures  are  arranged  in  a  triangular  lattice,  as  it  is  in  most  modern 
arrays,  to  save  on  the  number  of  elements.  The  structure  investigated  is 


Same  of  the  results  presented  in  this  paper  have  been  already  presented  by 
the  authors  at  the  U.  R.  S.I  Fall  Meeting  1970,  Ohio  State  University, 
Columbus,  Ohio,  Sept.  15-17,  1970. 
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infinite  and  periodic  along  the  cylinder  axis  and  in  the  circumferential  sense. 
This  model  is  accurate  except  for  the  elements  in  the  proximity  of  the  array 
edge.  The  technique  for  the  analysis  is  based  on  a  systematic  exploitation 
of  the  translational  and  rotational  symmetry  of  the  structure.  Every 
arbitrary  "free"  array  excitation  [7]  is  decomposed  into  a  set  of  elementary 
special  excitations  matching  the  symmetry  of  the  structure,  in  the  sense  of 
being  eigenvectors  of  the  symmetry  operators  representing  the  congruences 
of  the  structure  [8].  The  analysis  of  the  structure  for  these  "eigenexcitation*'1 
is  much  simpler  than  in  the  general  case,  which  on  the  other  hand  can  be 
studied  by  applying  superposition  [1-3]. 

The  usefulness  of  the  analysis  and  design  technique  introduced  here  is 
illustrated  by  a  number  of  numerical  examples.  Two  cylinders  with  radii 
equal  to  approximately  1 1  X  and  50  \  with  two  different  element  spacings 
have  been  studied  in  detail.  The  effect  of  different  matching  conditions  on 
the  wide  angle  scan  performance  has  been  investigated.  It  has  been  shown 
that  element  patterns  can  be  obtained  which  are  "flat"  within  a  fraction  of 
db  up  to  60  degrees  from  broadside  and  with  a  gain  fall-off  of  less  than 
6  db  up  to  80  degrees  in  the  principal  planes.  It  has  also  been  checked  that 
these  favorable  characteristics  are  preserved  in  a  frequency  band  of 
several  percent  around  the  center  frequency.  Also  for  each  cylinder  a 
number  of  curves  of  gain  vs.  scan  angle  for  two  arrays  having  broadside 
gains  of  approximately  20  and  30  db  have  been  calculated,  for  different 
match  conditions,  showing  the  effectiveness  of  the  technique  in  improving 
the  scan  coverage  of  the  array. 

The  report  is  organized  in  the  following  way.  In  Section  2  the  geometry 
of  the  structure  is  defined  and  certain  general  results  are  established 
depending  only  upon  the  special  symmetry  of  the  structure.  It  is  shown  how 
remarkably  far  one  can  go  in  the  development  of  the  theory  on  the  basis  of  pure 
symmetry  considerations  without  specifying  the  physical  details  of  the  antenna. 
In  Section  3  the  method  of  solution  of  the  boundary  value  problem  for  the 
particular  structure  under  study  is  outlined  briefly  (most  of  the  analytical 
details  being  confined  in  the  Appendices).  Section  4  shows  how  the 
analytic  technique  developed  here  is  not  only  valuable  for  the  analysis  of  a 
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given  structure,  but  can  also  be  used  as  an  effective  design  tool.  Element 
pattern  design  criteria  are  observed.  Finally  in  Section  5  selected 
numerical  examples  are  presented. 
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2.  THEORY  OF  INFINITE  PERIODIC  CYLINDRICAL  ARRAYS 


2.  Structure  Geometry 

For  the  developments  of  this  section  there  is  no  need  to  specify  the 
nature  of  the  radiating  elements,  all  the  results  being  a  mere  consequence  of 
the  axial  and  circumferential  periodicity  of  the  structure.  However,  since 
in  later  sections  the  attention  will  be  focused  on  aperture  arrays,  it  is  this 
type  of  structures  which  will  be  indicated  in  the  illustrations. 

To  specify  the  geometric  reference  the  axis  of  the  cylinder  is  assumed 
to  be  coincident  with  the  z  axis  of  a  system  of  rectangular  coordinates.  A 
polar  system  r ,  B  ,  <p  and  a  cylindrical  system  p,  z,  ^  are  associated  in  the 
usual  way  with  the  rectangular  system.  With  reference  to  Figure  1  the 
symmetry  of  the  structure  is  conveniently  defined  by  the  pair  of  column 
vectors: 


d 

"d  " 

—2  = 

2 

0 

.hJ 

In  analogy  with  the  planar  case  [9-11]  ,  the  reciprocal  (row)  vectors  t_.  are 
defined  by  the  equations: 

t_.  *  £k  =  2*6ik  (i,  k  =  1,  2)  (2) 

where  6^  is  Kronecker's  delta.  From  (2): 

ii*  pT'-s]  !-2=  [o.  t]  <3> 

In  addition  to  the  angular  coordinate  i p,  it  is  convenient  to  introduce  a 
coordinate  %  on  the  array  perimeter  defined  as: 

Preceding  page  blank 
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4  =  R*  (4) 

where  R  is  the  cylinder  radius.  Thus  a  point  of  the  cylinder  surface  can  be 
individuated  by  the  position  column  vector: 


•  ■  [[]  (S) 

The  radiator  whose  center  is  located  at  z  =  0  and  £  =  ^  =  0  will  be 
called  "reference"  element.  All  the  array  elements  will  occupy  the  positions 
defined  by  the  vectors: 


s 

— mn 


-  mjSj 


ns2 


(6) 


where  n  indicates  the  ring  and  m  the  position  inside  it. 

2.  2  Array  Eigenexcitations 

Array  "free"  excitation  is  always  considered  in  this  paper  (i.  e.  defined 

as  the  set  of  incident  waves  in  the  transmission  lines  feeding  the  elements). 

Without  loss  of  generality  each  radiator  will  be  assumed  to  have  only  a  single 

excited  port.  If  the  elements  are  excited  at  two  input  ports  (as  it  occurs  for 

2 

circularly  polarized  antennas)  the  response  of  the  array  in  this  situation  can 
be  obtained  by  superposition  from  the  solution  of  the  two  partial  problems 
relative  to  the  excitation  of  a  port  at  a  time,  the  other  being  terminated  in  the 
impedance  of  its  (equivalent)  generator.  Every  array  excitation  is  repre¬ 
sented  by  the  infinite  dimensional  column  vector  a,  belonging  to  the  array 
"input  space".  Fach  of  its  component  amn  clearly  indicates  the  excitation  of 
the  element  in  the  position  defined  by  m  and  n. 


^The  set  of  reflected  waves  at  the  input  ports  and  the  array  far  field  pattern 
are  concisely  indicated  as  the  "response"  of  the  array  (for  a  given 
excitation). 
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The  interactions  among  the  array  elements  can  be  described  by  the 
scattering  (or  mutual  coupling)  matrix  S  (of  infinite  order).  Its  eigenvectors 
are  the  "eigenexcitations"  of  the  array  [3]  ,  namely  those  sets  of  incident 
waves  producing  identical  active  reflection  coefficients  at  each  element  input 
port.  As  discussed  in  Appendix  A,  they  are  given  by  the  infinite  dimensional 
vectors  (suitably  normalized): 


exP  [-J^o  +  nl2)]  | 

where  m  is  an  integer  between  0  and  N-  1,  n  any  integer  and  is  a  row 
vector  representing  the  ordered  pair  of  numbers: 

u  =  fu  ,w  I 
-o  [o’  oj 


e<V 


v  )  =  e(u  )  = 
o  —'—o' 


_h_ 

2itN 


(7) 


(8) 


with  uq  =  i/R.  Each  eigenexcitation  is  individuated  by  the  azimuthal  number 
i  (indicating  that  the  phase  progression  between  two  adjacent  elements  in  a 
ring  is  2iri/N)  and  by  the  longitudinal  number  wq  (corresponding  to  a  phase 
progression  wQh  between  two  contiguous  rings).  All  the  eigenvectors  are 
obtained  by  having  i  to  take  all  the  integers  values  from  -N  to  N-l  and  w  all 
the  real  values  from  -Tr/2h  to  ir/2h  (Appendix  A). 

In  view  of  the  further  developments  it  is  convenient  to  associate  to  each 

bidimensional  vector  u  ,  a  regular  lattice  of  points  in  the  u,  w  plane  defined 

“°  3 

by  the  set  of  vectors  (reciprocal  lattice): 


u 

— °pq 


=  2*o  +  Pii  +  qi2 


(9) 


with  p  and  q  arbitrary  integers,  and  t_j  and  t_2  given  by  (3).  The  rectangular 
coordinates  of  the  points  (9)  are  given  explicitly  by: 


The  geometry  of  the  reciprocal  lattices  is  shown  in  Figure  4  for  a 
particular  case. 
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i  ,  2jt 

R  +  PT 


w  =  w  +  (2q-p)  r 
opq  o  '  n  h 


In  Section  3  the  responses  of  the  array  to  the  set  of  eigenexcitations  will 
be  determined  through  approximate  solutions  of  the  appropriate  boundary 
value  problems.  For  an  arbitrary  excitation  the  reflection  coefficients  at 
each  input  port  and  the  radiation  pattern  of  the  array  are  then  obtained, 
through  superposition,  from  the  set  of  active  reflection  coefficients  r(i^)  and 
far  field  g  (i,  wq  ,  r,  G,  <fi  ).  A  general  account  of  the  philosophy  of 
the  method  has  been  already  given  elsewhere  [3]  .  Thus  only  the  features 
peculiar  to  the  geometry  at  hand  will  be  discussed  in  some  detail  in  this 
paper. 


2.  3  Patterns  and  Reflection  Coefficients  for  Arbitrary  Excitations 

By  using  the  set  of  vectors  (7)  as  an  orthonormal  basis  for  the  array 
input  space  the  excitation  a  is  expressed  through  the  following  expansion: 


IT 

-  °  ^  woj 


whose  coefficients  c^  i,WQ  J  are  the  projections  of  a  on  the  basis  vectors 
(7),  i.  e.  are  given  by  the  scalar  products: 


c(i»  w0)  =  e  (uq)  •  a 


where  the  cross  denotes  the  conjugate  transpose.  Explicitly 


c«-  V  *  V  TTiT  32  £  amn  exP  |feo<m£l  +  "Iz'] 
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where  the  summations  are  extended  to  those  values  of  m  and  n  corresponding 
to  the  elements  belonging  to  the  finite  excited  sector  of  the  infinite  structure. 

The  power  reflected  back  into  the  input  ports  is  represented  by  file 
infinite  dimensional  column  vector  b,  which  from  the  representation  (11)  for 
a  is  promptly  found  to  be  given  by  the  expression: 


ir 


Similarly,  the  array  radiation  pattern  F(Q,  for  an  arbitrary  excitation  is 
a  linear  combination  of  the  eigenpatterns  with  the  weights  c(i,  wq'f  as  it 
follows  (k  =  2  r/X  being  the  free  space  propagation  constant): 


N-l 

F<e.„)  =  £ 


i=-N 


wQtr,  0 ,  *  )  c(i,  wQ)  dwQ 


(15) 


It  will  be  shown  in  Section  3.  2  that  the  integration  in  (15)  is  readily  performed 
through  an  application  of  stationary  phase  method.  The  use  of  (14)  is  instead 
less  immediate,  requiring  a  numerical  integration.  It  is  stressed  however 
that  (15)  alone  provides  all  the  relevant  information  about  the  radiative  prop¬ 
erties  of  the  array  (including  for  example  the  variation  of  gain  with  scan 
angle).  If  in  particular  a  single  radiator  (e»  g.  the  reference  element  located 
at  m  =  n  =  0)  is  excited,  because  of  (11),  equation  (15)  takes  the  form: 


Equation  (16)  yields  the  realized  gain  pattern  of  the  reference  element. 


(16) 
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3.  THE  ELECTROMAGNETIC  PROBLEM  FOR 
CYLINDRICAL  ARRAYS  OF  CIRCULAR  APERTURES 


3.  1  Aperture  Field  Match 

In  this  section  the  input  properties  of  the  array  (reflection  coefficient 
and  cross  coupling  between  aperture  modes)  will  be  determined  (for  the 
structure  eigenexcitations),  by  solving  approximately  the  appropriate 
boundary  value  problem.  The  results  derived  here  will  be  used  in  next  sec¬ 
tion  to  establish  expressions  for  the  array  eigenpatterns. 

The  idealized  model  of  the  array  consists  of  a  regular  grid  of  circular 
apertures  of  radius  a  on  an  infinite  cylindrical  surface  having  radius  R,  fed 
by  waveguides  with  the  same  cross-sections  as  the  apertures.  The  elements 
may  be  filled  with  dielectric.  Only  the  two  orthogonal  TE^  fundamental 
modes,  circumferentially  and  axially  polarized,  are  assumed  to  be  above 
cutoff  in  the  feeding  waveguide.  A  matching  network,  whose  physical  nature 
is  such  not  to  create  coupling  between  the  two  propagating  modes  (located 
at  a  sufficient  distance  from  the  aperture  not  to  interfere  with  evanescent 
modes)  can  be  present  to  modify  the  element  realized  gain  pattern, 

The  cylinder  radius  is  supposed  to  be  large  in  terms  of  wavelengths. 
Thus  the  waveguide  aperture  can  be  considered  planar  with  negligible  error. 
To  simplify  the  treatment  the  element  aperture  transverse  electric  field 
distribution  will  be  assumed  to  be  represented  with  good  accuracy  as  the 
superposition  of  the  two  TEjj  modes.  This  approximation  gives  good 
accuracy  for  the  planar  case  [12],  for  comparable  element  and  lattice  size, 
and  it  is  reasonable  to  assume  that  the  same  will  occur  for  the  present 
geometry  (s$e  Section  3.  3).  The  vector  mode  functions  for  the  mode 
polarized  in  the  axial  and  circumferential  directions  will  be  denoted  by 
e^  (_s)  and  £  (s),  respectively,  £  being  the  position  vector  defined  by  (5). 

A  technique  to  design  the  matching  network  to  modi;y  the  scan  coverage 
characteristics  of  the  array  will  be  discussed  in  Section  4.  For  the  purpose 
of  the  analysis  we  only  need  here  to  assume  that  two  shunt  susceptances 

Preceding  page  blank 
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“B  and  -B  (one  for  each  mode  and  such  not  to  produce  mode  cross 

coupling)  are  positioned  at  half  wavelengths  from  the  apertures,  and  that  in 

the  transmission  lines  immediately  prior  to  them  two  perfect  transformers 

are  located,  having  the  turn  ratios  n.:n,  --  /C  :Y  and  n,:n-  =  fC  !y~, 

1  Z  v  ao  o  1  2  v  co  o 

respectively,  where  G  and  G  are  two  suitable  conductances  and  Y  is 

ao  co  o 

the  characteristic  admittance  of  the  waveguide. 

Let  the  element  ports  of  the  axial  mode  (say)  be  excited  by  the  eigen- 
excitation  e^(u  ),  i.  e.  by  a  set  of  incident  waves,  of  equal  magnitude,  and 
having  a  phase  given  by  — (p  +  ^)  -  WQqh.  The  transverse  aperture 
electric  field  of  the  reference  element  is  represented,  under  the  two  modes 
approximation,  by  the  combination  of  the  selected  modes  as  follows: 

St  <a>  ■  V ' n  |  [»  +  w]  Sa<i>  +  r^lsj  e^M 

(17) 

where  T  (u  )  is  the  reflection  coefficient  of  the  excited  mode,  and  r  (u  ) 
a  — o  ac  — o 

is  a  cross  coupling  coefficient  representing  the  passive  excitation  of  the 

cross  polarized  mode.  It  can  be  convenient,  in  view  of  further  developments, 

to  introduce  the  simple  equivalent  circuit  in  Figure  2  for  the  admittance 

viewed  at  the  input  port  of  the  excited  mode.  The  active  admittance  Y  (u  ) 

a  ”C 

evidently  includes  also  the  effects  of  coupling  with  the  cross  polarized  mode 
passively  excited.  Paralleling  the  treatment  for  the  planar  case  [10]  the 
transverse  electric  field  on  the  cylinder  surface  can  be  represented  through 
the  following  Floquet's  double  series,  (consequence  of  the  skew  symmetry 
of  the  structure): 


=  XI  £  — opq|-J~°pf^"" 


(18) 
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whose  coefficients  are  bidimensional  vectors 


A(u  )  =  A  (u  )z  +  A  „(u  )  $ 

—  -opq  z  — opq'  *P  — opq  r 


-opq 


-opq 


(19) 


The  continuity  of  the  transverse  electric  field  on  the  cylinder  surface  will 
be  approximately  enforced,  by  requiring  that  the  difference  between 
E.  (s),  eq.  (17),  and  the  exterior  mode  expansion  (18)  (on  the  fundamental 
array  cell  of  the  reference  element)  have  zero  projection  (in  the  Hilbert 
space  sense)  on  each  Floquet's  harmonic.  By  following  this  procedure, 
discussed  in  detail  for  the  formally  similar  planar  case  in  Ref.  [10],  the 
following  set  of  equations  is  obtained  (one  for  each  of  the  points  (9): 


[  1  +  I"  ;u  )]  £  (u  )  +  r  (u  )  £  (u  ) 
1  a  —  o  -a  —opq  ac  — c  _c  — opq 


=  -5—  A(u  ) 
2n  — —opq 


(20) 


where  C  is  the  area  of  the  elementary  cell  and  £  (u)  and  £  (u)  are  the 

Fourier  transforms  of  the  vector  mode  functions  e  (s)  and  e  (s),  whose 

—a  —  — c  — 

explicit  expressions  are  given  in  Appendix  B. 

The  continuity  of  the  transverse  magnetic  field  on  the  radiator  aperture 
is  approximately  enforced  through  a  similar  procedure.  Under  the  two 
mode  approximation,  the  magnetic  transverse  field  on  the  reference  element 
is  given  by  (Appendix  C): 


-  r  (u 
ac  — c 


)  (G 


co 


-  jB  )  e  (s) 
co  — c  — 


V*  c;1/2\Ms  <2i> 
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being  a  unit  vector  having  the  direction  of  the  reference  element  waveguide 
axis,  pointing  outward  of  the  cylindrical  surface.  By  using  vector  potential 
techniques,  the  z  and  $  components  of  the  magnetic  field  in  the  region 
exterior  to  the  cylinder  can  be  related  to  the  coefficients  (19)  of  Floquet's 
expansion,  obtaining  the  following  expressions  (Appendix  C): 
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with  A^^pq)  and  Aj,  (^pq)  8iven  bY  (19)  and  (20). 

By  requiring  that  the  difference  between  the  expression  (21)  and  the 
expansion  (22-23)  have  zero  projections  on  the  modal  function  p  x  e  (s) 

A  °  “ 1 a 

and  Pq  x  ^(s),  the  following  expressions  for  the  reflection  and  mode  cross 
coupling  coefficients  are  derived  (Appendix  C): 


( G  - 
V.  ao 

[L  (u  )-jB  1 
L  aa  — o  J  ao  J 

\}(G  +|L  (u  )-jB  1 

1/  \  co  L  cc  — o  J  coJ 

)+L2  (u  ) 
/  ac  — o 

( Cl  + 
v.  ao 

[L  (u  )-jB  1 
L  aa  — o  J  aoJ 

!)  (Gc„+ 

[L  (u  )-jB 

L  cc  — o  J  coJ 

)-L2  (u  ) 
/  ac  — o 

(24) 


and 


r  (u  ) 

ac  — o 


-2L  (u  ) 
ac  — o 


(Gao+  [ 


L  (u  )-jB 
aa  — o  J  ao 


])  (V 


[ 


L  (u  )- jB 

CC  — O  J  CO 


(u  ) 

J  /  ac  — o 


(25) 

where  L  (u  ),  L  (u  )  and  L  (u  )  are  rather  complicated  functions,  whose 
aa  --0  ac  — o  cc  — o 

explicit  expression  is  given  in  Appendix  C.  They  can  be  however  calculated 
straightforwardly  once  the  Fourier  transforms  of  the  vector  mode  functions 
are  known.  Their  physical  interpretation  is  that  of  self  and  mutual 
admittances  for  the  axially  and  circumferentially  polarized  fundamental 
modes  (for  a  given  eigenexcitation). 

Once  the  transverse  electric  field  distribution  (17)  on  the  elements  has 
been  determined  using  (24)  and  (25),  the  eigenpatterns  are  obtained  from 
the  solution  of  the  exterior  electromagnetic  problem.  This  is  discussed 
in  the  next  section. 

So  far  it  has  been  assumed  that  only  the  axial  mode  is  excited.  If,  on 
the  other  hand,  the  circumferential  mode  is  the  one  excited  (with  the  same 
eigenexcitation)  a  perfectly  similar  treatment  can  be  done,  obtaining  the 
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expression  of  the  reflection  coefficient  T  (u  )  of  the  circumferential  mode 

c  — o  . * 

simply  by  permuting  the  subscripts  a  and  c  in  (24),  the  expression  for  the 
cross  coupling  coefficient  Tca  (u^  still  being  given  by  (25).  The  general 
case  is  obtained  by  superposition. 


3.2  Eigenpatterns 


The  components  g  (i,  wq,  r,  0  ,  $  )  of  the  far  field  for  an  arbitrary 
excitation  are  obtained  from  the  Floquet-Bessel  expansion  (22-23),  by  using 
the  standard  asymptotic  expression  of  Hankel  functions  for  large  arguments. 
Notice  first  that  only  for 


I  1  k 


(26) 


the  terms  in  (22)  and  (23)  represent  waves  carrying  energy  away  from  the 
structure.  The  terms  of  (22)  and  (23)  for  which  (26)  does  not  hold  represent 
instead  cylindrical  evanescent  waves.  If  in  particular  the  distance  between 
two  rings  h  is  smaller  than  A/2,  the  only  propagating  waves  are  found  to  be 
those  for  which  p  -  2q,  and,  if 


|wo  1  >  k  -  £  . 

those  for  which  one  of  the  two  equalities  holds: 


(27) 


p-2q  =  ±  1 

the  upper  and  lover  sign  referring  to  negative  and  positive  wq,  respectively. 
The  asymptotic  expressions  for  and  are  found  to  be  given  by: 
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H  (p,  <{>  ,  z) 


z 

P— 00 


£ 


w _ <  k 

1  opq  '  — 


2G. 


-1/2.0 


(k2  -  w2pq,'/2 


.i-1  «2  2  .1/2 
1  (k  -w  )  2  ... 

_ _ opq  e-ji4> 

kT7 


-j  (w  z  +  p  V  -  w2  ) 
J  opq  M  »  opq' 


:PN  e-jpN<|> 

-r 


H.(2)  (R^k2  -  w2  ) 

l+pN  '  '  opq 


(i+pN)  w  A  (i+pN,  w  ) 
A.  (i+pN,  w  )  +  --P  - 2Ea- 


<t> 


opq 


2  2 
R  (k  -  w) 
opq' 


(28) 


(p,  <|> ,  z) 

P  —•'00 


£ 


Iw  |<  k 
1  opq1— 


2G 


-1/2  0 


2pN 


"72  2  .1/2 

Wopq 


kjV^ 

,2'  2'-;T/T 

(k  -  w  )  ' 
opq' 


x  xtZ2 - Z~”, 

-j(w  z+p\k  -w  ) 
J  opq  H  °pq 


jPN  e~JpN4>  Az(i+pN,wopq) 

H.(2 )  (R^k2  -  w2  ) 

i+pN  '  opq 


(29) 


where  the  summations  are  extended  to  w  satisfying  (26), 

opq 

The  series  in  (28)  and  (29)  are  rapidly  convergent,  since  the  terms  for 
which 


I i  +  pN I  >>  R Vk2  -  w2  (30) 

opq 

can  be  easily  shown  to  be  negligible. 

In  view  of  further  developments  it  is  convenient  to  consider  the  electric 
far  field  of  the  structure  and  also  to  use  polar  coordinates  r,  0  ,  4>  ,  related 
to  z  and  p  by  the  standard  transformations: 

p  =  r  sin  0  z  =  r  cos  0  (31) 
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From  (28)  and  (29)  through  straightforward  manipulations  the  following 
expression  of  the  electric  far  field  of  the  structure  for  the  eigenexcitation 
eju  )  are  established: 


2G 


-1/2 


g(i.wo,r,0,<j>  )  =  - - - - 

■y  j  it  r  sin  0 


E 
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The  antenna  far  field  pattern,  by  applying  (15)  is  thus  given  by: 
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where  the  summation  in  n  and  in  m  are  extended  to  the  elements  of  the  finite 
area  excited  of  the  infinite  structure.  The  integral  in  (34)  can  be  evaluated 
for  r-*oo  through  straightforward  application  of  stationary  phase  method, 
obtaining  finally: 
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As  mentioned  in  Section  2.  3,  the  realised  gain  pattern  of  an  element  is 
obtained  as  a  particular  application  of  the  general  result  (35). 
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3.  3  Remarks 

In  the  previous  sections  in  developing  the  appropriate  formalism  for  the 
analysis  of  cylindrical  arrays  it  has  been  attempted  to  stress  the  similarity 
with  planar  array  theory.  In  both  cases  the  field  outside  the  cylinder  is 
expanded  in  an  infinite  series  of  Floquet's  harmonics,  of  a  general  type, 
each  of  them  conveniently  associated  with  a  point  of  a  regular  lattice  in  a 
"reciprocal"  wavenumbers  plane.  However,  certain  important  differences 
should  be  remarked.  The  most  apparent  is  that  in  order  to  calculate  one 
point  of  the  realized  gain  pattern  of  a  cylindrical  array  element  (or  more 
generally  one  point  of  the  array  pattern  for  an  arbitrary  excitation),  it  is 
necessary  to  calculate  the  array  response  to  the  eigen  excitations  pertinent 
to  all  azimuthal  numbers  i's.  For  a  planar  periodic  array  all  the  excitations 
with  uniform  magnitude  and  linear  phase  taper  are  eigen  excitations,  and  the 
response  to  only  one  of  them  characterizes  the  realized  gain  pattern  of  an 
element  in  a  certain  direction.  Another  less  obvious  difference  is  related 
to  the  phenomenon  of  the  "continous"  cutoff  of  the  cylindrical  functions 
representing  the  electromagnetic  field.  The  question  is  straightforward  for 
uniform  cylindrical  arrays  [1-3]  but  is  relatively  complicated  for  the  present 
structure. 

A  discussion  of  this  phenomenon  by  using  the  concept  of  reciprocal 
lattice  in  the  u,  w  plane  gives  insight  on  certain  array  properties.  For  the 
planar  case  there  exists  a  circle  (visible  region)  within  which  the  reciprocal 
lattice  points  represent  radiating  waves  (carrying  energy  away  from  the 
structure).  All  the  other  harmonics  represent  instead  evanescent  waves 
associated  with  the  reactive  power  stored  in  the  neighborhood  of  the  array 
[9-11].  For  a  cylindrical  array,  instead,  the  waves  whose  representative 
points  in  the  u,  w  plane  do  not  belong  to  the  strip  (26)  represent  evanescent 
waves.  Inside  the  strip  (26)  the  Floquet  Bessel  harmonics  are  associated 
with  both  radiating  and  reactive  power.  However,  from  (22-23),  by  invoking 
well  known  properties  of  cylindrical  functions  it  can  be  seen  that  the  waves 
for  which 


(36) 
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are  "essentially"  below  cutoff,  while  the  ones  for  which  the  inequality  (36) 
is  reversed  are  essentially  radiating.  The  propagation  region,  (correspond¬ 
ing  in  planar  array  theory  to  the  visible  circle)  has  now  a  blurred  boundary, 
and  a  transitional  zone  exists  where  the  harmonics  contribute  to  both  active 
and  reactive  power.  In  Figure  5  t  ie  edges  of  this  zone  have  been  indicated, 
conventionally  defined  as  the  loci  where  the  ratios  between  the  imaginary 
and  the  real  parts  of  the  wave  admittance  are  either  0.  1  or  10. 

A  few  comments  are  at  this  point  appropriate  about  the  numerical 
accuracy  of  the  solution.  In  both  the  p]anar  and  cylindrical  cases  the  solu¬ 
tion  of  the  electromagnetic  problem  is  obtained  by  expanding  the  field  in  the 
proper  modes  of  the  waveguide  and  of  the  radiation  half  space.  The  modal 
series  are  then  truncated  and  through  an  application  of  Galerkin's  method 
a  system  of  equations  is  written  for  the  unknown  coefficients.  Recently,  tho 
question  of  the  accuracy  of  this  procedure  has  been  debated  [13-15],  and  it 
has  been  observed  that  for  certain  types  of  waveguide  discontinuity  problems 
increasing  the  number  M  and  N  of  the  modes  in  the  two  regions  at  the  two 
sides  of  the  discontinuity  may  not  make  the  coefficients  of  the  expansion  to 
tend  to  their  correct  values.  It  has  been  shown  that  for  certain  problems 
(different  from  these  considered  here)  M  and  N  must  be  increased  keeping 
a  certain  ratio  between  them  [14-15],  These  studies  have  constituted  a  very 
useful  warning,  pointing  out  that  a  single  convergence  test  (increase  of  M 
and  N)  is  not  sufficient  to  guarantee  the  accuracy  of  the  solution.  However, 
by  no  means  this  implies  that  the  method  of  solution  above  described  is  incor 
rect  or  inaccurate.  In  fact  the  practical  certainty  of  the  correctness  of  the 
solution  is  obtained  if  several  convergence  tests  are  made  (increasing  M  and 
N,  keeping  their  ratio  constant  but  equal  to  a  different  value  lor  each  test) 
checking  that  the  modal  coefficients  tend  in  the  different  tests  to  the  same 
values.  This  has  been  done  for  the  planar  configuration,  and  has  been  thus 
checked  that  for  this  type  of  problem  (essentially  equivalent  to  a  junction 
between  t’*po  waveguides  with  different  cross  sections)  the  solution  is  not 
sensitive  to  the  way  M  and  N  are  related.  This  conclusion  is  consistent 
with  what  found  by  Lee  et  al  [14].  Extensive  numerical  conputations 
performed  along  these  lines  have  shown  that  for  arrays  of  circular  apertures 
of  dimensions  and  spacings  similar  to  the  ones  considered  in  this  study,  two 
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modes  are  sufficient  for  achieving  good  accuracy  (see  for  example  [12]). 

In  many  instances  the  analytical  solutions  have  compared  with  experimental 
data,  with  consistently  excellent  agreement.  Because  of  the  physical  and 
analytical  similarity  of  the  two  problems  it  can  be  inferred  that  the  same 
will  be  true  for  the  cylindrical  structures  (for  radius  of  curvature  sufficiently 
large). 

Certain  questions  concerning  the  numerical  evaluations  of  the  Floquet- 
Bessel  series  are  briefly  discussed  in  Appendix  D. 
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4.  ELEMENT  PATTERN  DESIGN 


The  scattering  coefficients  among  the  elements  are  functions  of  the  para¬ 
meters  of  the  tuning  network  of  Figure  2.  Consider  a  single  excited  element. 
The  interference  between  its  direct  radiation  and  the  energy  scattered  by  the 
other  elements  passively  excited,  depends  upon  the  turn  ratio  of  the  trans¬ 
former,  and  the  susceptance  of  Figure  2,  and  so  does  the  element  realized 
gain  pattern.  In  order  to  get  an  insight  of  the  relationship  between  element 
pattern  and  matching  network  parameters,  it  is  appropriate  here  to  briefly 
compare  the  two  methods  of  cylindrical  array  analysis  presently  available, 
from  the  viewpoint  of  their  suitability  for  element  design. 

One  of  the  methods  is  based  on  an  attempt  to  determine  the  passive 
reradiation  of  the  elements  in  the  situation  of  a  single  excited  radiator,  by 
establishing  thus  a  formalism  which  is  a  direct  analytical  counterpart  of 
the  physical  picture  given  above.  To  this  end  the  complex  waves,  solutions 
of  Maxwell  equations  for  the  source  free  structure  must  be  determined  [2]. 

This  requires  the  solution  of  a  transverse  resonance  equation  having  as 
unknowns  the  complex  wave  numbers  in  the  longitudinal  and  azimuthal  direc¬ 
tions.  The  idea  upon  which  this  approach  is  based  is  a  valuable  aid  for  the 
understanding  of  the  phenomena  occurring  in  conformal  arrays.  However, 
this  approach  does  not  lead  to  manageable  computational  procedures  except 
for  very  simple  idealized  structures  [2],  In  addition,  it  does  not  seem  easily 
adaptable  to  efficient  element  pattern  synthesis. 

The  other  approach  is  the  "eigenexcitations  method",  considered  in  this 
paper  and  described  in  the  previous  sections,  which  naturally  leads  to  a 
relatively  simple  procedure  for  controlling  to  a  considerable  extent  the  ele¬ 
ment  pattern.  In  this  method  no  direct  evaluation  of  mutual  coupling  is 
necessary,  the  element  interaction  phenomena  being  represented  by  the  set 
of  active  reflection  coefficients  r(uQ).  Consider  the  plane  tangent  to  the  array 
surface  through  the  center  of  the  reference  element,  and  on  such  plane  the 
straight  line  in  the  direction  of  the  cylinder  axis  and  its  perpendicular.  Suppose 
that  one  seeks  to  enhance  the  radiation  into  a  direction  having  cosines  y  and  a 
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with  those  axes.  To  accomplish  this  purpose,  the  network  if  Figure  2  is 
chosen  to  match  the  structure  when  excited  by  the  eigenexcitation  identified 
by: 


wq  =  ky  ;  i  =  kRo  (40) 

The  realized  gain  pattern  for  obvious  symmetry  reasons  will  be  the  same 
in  the  direction  -a  and  -y  symmetric  too  and  y  with  respect  to  broadside. 

This  procedure  is  easily  justified  by  observing  that  the  realized  gain  pattern 
of  an  element  in  a  conformal  array  having  a  large  cylinder  radius  is  obviously 
"similar"  to  that  of  the  same  element  (with  the  same  lattice)  in  a  planar  array. 
For  the  latter  case,  the  element  pattern  in  a  direction  o,  y  is  maximized  if 
the  array  is  made  transparent  (i.  e.  matched)  for  a  plane  wave  incident  from 
such  a  direction,  or  equivalently  if  it  is  matched  for  steering  in  the  direction 
o,  Y.  Thus,  for  a  conformal  array,  the  corresponding  condition  will  be  the 
one  mentioned  above,  for  which  the  same  relative  phase  progression  exists 
among  the  elements. 

For  a  varipolarization  element,  it  is  possible  to  maximize  the  gain  in 

two  directions  (one  for  each  polarization  of  an  orthogonal  pair)  by  using 

waveguide  elements  acting  on  a  single  polarization  (e.  g.  waveguide  posts). 

These  directions  can  be  chosen  close  to  grazing  incidence  in  the  axial  and 

circumferential  directions  (for  axial  and  circumferential  polarization, 

respectively).  The  use  of  varipolarization  elements  allows  to  eliminate  the 

loss  due  to  the  almost  complete  reflection  at  large  angle  from  broadside  of 

the  energy  associated  with  the  field  polarized  parallel  to  the  surface,  simply 

4 

by  suitably  choosing  the  element  nominal  polarization. 

Practically  the  evaluation  of  the  network  parameters  will  be  done  by 

calculating  the  terminal  admittance  for  the  eigenexcitation  (40)  (following  the 

procedure  of  sect  3  and  Appendix  C)  for  B  =  B  =0  and  =  G  =  Y  . 
r  rsr  co  ao  co  ao  o 

The  real  and  imaginary  parts  of  the  admittance  so  determined  provide  the 


^Assuming  that  the  antenna  at  the  other  terminal  of  the  communication  link  is 
circularly  polarized,  of  course  there  is  still  a  3  db  loss  due  to  polarization 
mismatch. 


24 


UNCLASSIFIED 

values  of  G  and  B  or  the  values  of  G  and  B  for  axially  polarized  or 
circumferentially  polarized  excitation,  respectively. 

When  maximizing  the  gain  in  certain  directions  off  broadside  it  is 
expected  that  the  broadside  gain  will  decrease.  Thus  the  element  pattern  will 
be  "flatter"  than  in  the  case  of  broadside  match.  Resonance  notches  are  in 
most  cases  essentially  determined  by  the  array  lattice  (at  least  in  absence 
of  dielectric  sheets  on  the  array  surface  and/or  elements  having  too  large 
apertures).  Thus  one  should  choose  an  element  grid  for  which  in  a  planar  array 
no  grating  lobes  would  be  present  (for  any  scan  condition).  The  design  is  not 
critically  frequency  sensitive. 

Numerical  examples  of  element  patterns  designed  according  to  the 
criteria  above  outlined  are  discussed  in  Section  5. 
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5.  SELECTED  NUMERICAL 
EXAMPLES  AND  DISCUSSION 

In  this  section  a  number  of  illustrative  examples  will  be  briefly  con¬ 
sidered  with  the  aim  of  determining  the  effects  of  the  structure  geometrical 
parameters  (cylinder  radius,  element  size  and  lattice),  and  of  showing  the 
effectiveness  of  the  design  technique  discussed  in  Section  4.  A  large  amount 
of  numerical  data  have  been  generated.  Three  cylinder  radii  and  two  dif¬ 
ferent  element  lattices  have  been  considered.  The  element  aperture  radius 
has  been  always  assumed  equal  to  0.22  wavelengths  (at  center  frequency  for 
those  cases  for  which  a  frequency  sensitivity  study  has  been  performed). 

The  elements  waveguides  are  assumed  to  be  filled  by  a  dielectric  with 
=2.5  (for  €r  =  1  the  fundamental  modes  would  have  been  below  cutoff). 

A  first  set  of  figures  refer  to  arrays  with  the  lattice  of  Figure  3.  A 
planar  array  with  the  same  lattice  would  have  grating  lobes  in  the  visible 
space  for  certain  scan  conditions.  The  first  array  studied  has  a  radius  of 
approximately  100  wavelengths.  Circumferential,  axial  and  conical  sections 
of  element  realized  gain  patterns  have  been  calculated  for  nominal  axial  and 
circumferential  polarizations,  the  elements  being  matched  for  the  equiphase 
condition,  conventionally  called  ''broadside",  (Figure  6  to  10).  For  this 
lattice  size  and  orientation  a  notch  is  present  (Figure  6)  in  the  circumferential 
plane  for  circumferential  polarization  in  a  direction  approximately  corres¬ 
ponding  for  a  planar  array  to  a  scan  direction  for  which  a  grating  lobe  enters 
into  visible  space.  Characteristically  however,  the  notch  is  absent  for  axial 
polarization.  Also  the  slope  of  the  realized  gain  pattern  in  the  shadow 
region  is  substantially  greater  for  axial  polarization.  These  patterns  are 
shown  here  also  to  point  out  that  the  technique  of  analysis  here  introduced 
can  be  used  without  any  difficulty  also  for  large  cylinder  radii.  In  Figures 
from  1 1  to  15  similar  patterns  are  shown  for  an  array  on  a  cylinder  with  a 
radius  approximately  equal  to  50  wavelengths.  The  patterns  are  very 
similar  to  those  for  the  array  with  larger  radius.  The  only  differences  being, 
as  expected,  the  less  pronounced  notch  and  the  lesser  slope  in  the  shadow 

Preceding  page  blank 
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region  of  the  circumferential  sections.  These  trends  become  even  more 
pronounced  for  the  array  with  a  cylinder  radius  of  approximately  11  wave¬ 
lengths,  (Figure  16  to  20).  The  resonance  notch  becomes  here  a  minor 
perturbation  of  the  pattern.  In  Figure  16  the  realized  gain  pattern  has  been 
shown  also  for  the  condition  of  elements  matched  for  an  eigenexcitation 
corresponding  to  an  azimuthal  phase  taper  which  would  give  origin  in  a 
planar  array  to  the  beamin  the  direction  of  the  notch.  The  improvement  of 
the  angular  coverage  is  apparent. 

It  is  worth  noticing  that  in  the  axial  section  the  element  realized  gain 
pattern  is  very  insensitive  to  the  cylinder  radius  and  practically  coincident 
with  that  for  a  planar  array.  It  is  also  of  some  interest  the  fact  that  in  the 
shadow  region  the  cross  polarized  component  of  the  field  can  reach  values 
greater  than  the  nominal  (see  for  example  Figure  14). 

By  using  a  smaller  size  lattice  the  patterns  do  not  have  resonance 
notches.  A  second  set  of  patterns  refer  to  the  lattice  of  Figure  21.  For  an 
array  with  approximately  50  wavelengths  of  diameter  Figure  22  to  31  show 
the  effect  of  "off  broadside"  match.  Axial  and  circumferential  polarizations 
are  separately  matched  (as  described  in  Section  4):  the  array  is  matched  for 
i/R  =  2jr  sin  80° />  (and  wq  -  0)  for  circumferential  polarization  (in  the 
circumferential  plane),  and  for  wq  -  Zn  sin  80“/>  (and  i  =  0)  for  the  axial 
polarization  (in  the  axial  plane).  In  the  circumferential  plane  matching  the 
elements  at  80  degrees  from  broadside  yields  a  realized  gain  pattern  with  a 
gain  decrease  at  80  degrees  of  approximately  6  db  with  respect  to  broadside, 
to  be  compared  with  the  gain  loss  of  approximately  12  db  for  the  more  con¬ 
ventional  equiphase  match.  In  the  axial  plane  also  the  improvement  is 
substantial  (Figure  23).  A  few  conical  s.  ctions  are  shown  in  Figure  24  to 
31.  If  the  axial  polarization  is  matched  in  the  circumferential  plane  a 
pattern  almost  completely  flat  up  to  approximately  80  degrees  is  obtained 
(Figure  32). 

Similar  diagrams  have  been  calculated  for  three  different  match  con¬ 
ditions  for  an  array  with  a  radius  of  approximately  11  wavelengths  (Figure 
33  to  44).  The  frequency  sensitivity  of  the  realized  gain  pattern  has  been 
also  investigated  (Figure  43  and  44)  and  show  the  realized  gain  pattern 
variations  for  ±  5  percent  change  of  frequency  with  respect  to  design  frequency. 
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Broadside  and  80  degrees  off  broadside  match  conditions  have  been  considered. 
A  notch  begins  to  appear  at  high  frequency,  and  it  is  interesting  to  see  that 
the  modification  of  the  realized  gain  pattern  with  frequency  depends  sub¬ 
stantially  upon  match  conditions,  and  thus  is  not  due  simply  to  geometrical 
reasons.  In  calculating  the  curves  of  Figure  43  and  44,  the  matching 
susceptance  shunting  the  aperture  has  been  assumed  constant  with  frequency 
(a  reasonable  approximation  in  a  ±  5  percent  band). 

The  realized  gain  patterns  of  the  elements  of  a  conformal  array,  (unlike 
the  planar  case),  are  only  an  indirect  indication  of  the  scan  coverage  of  the 
antenna.  In  order  to  get  direct  performance  information  a  "small"  and  a 
"large"  arrays,  with  37  and  313  elements  respectively,  have  been  considered.  ^ 
Both  the  cylinders  with  radii  of  11  and  50  wavelengths  have  been  investigated. 
The  array  apertures  are  circular,  gaussianly  illuminated  with  a  10  db  edge 
taper.  The  lattice  is  that  shown  in  Figure  21.  The  angular  sectors  occupied 
by  the  arrays  on  the  smaller  radius  cylinder  are  shown  in  Figure  45.  The 
array  pattern  is  calculated  by  using  expression  (35).  The  "free"  array 
excitation  ie  chosen  always  in  such  a  way  to  have  the  radiative  contributions 
of  all  elements  to  add  in  phase  at  the  peak  of  the  beam.  Since  the  phase 
patterns  of  the  element  realized  gains  are  essentially  flat  up  to  80  degrees 
from  broadside,  the  phases  of  the  excitations  turn  out  to  be  practically 
coincident  with  those  obtained  from  simple  geometrical  optics  considerations. 
Figure  46  depicts  the  circumferential  section  of  the  array  pattern  for  the 
small  array  on  the  small  cylinder  with  circumferential  nominal  polarization 
(equiphase  match)  with  the  beam  scanned  at  broadside  (i.  e.  ,  in  the  direction 
perpendicular  to  the  cylinder  as  is  and  passing  through  the  array  center). 

The  array  realized  gain  is  approximately  20.8  db  (Table  3).  In  Figure  47 
the  realized  gain  pattern  of  the  array  with  313  elements  is  shown,  for 
broadside  scan.  Two  different  matching  conditions  have  been  considered: 
broadside  and  for  i/R  =  2?r  sin  80°/>  (and  w0  =  0)*  Thus  in  the  second  case 
the  element  realized  gain  pattern  is  that  of  Figure  33.  The  two  patterns  are 


According  to  the  discussion  in  Section  2  the  two  arrays  constitute  the 
excited  sector  of  an  infinite  structure. 
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very  similar  as  expected,  the  differences  lying  on  different  peak  gains  and 
far  out  sidelobes  slightly  higher  for  the  case  of  match  off  broadside,  because 
of  the  lesser  efficient  filtering  effect  of  the  element  pattern. 

Figure  48  to  56  show  the  envelopes  of  the  max  array  gain  versus  scan 
angle  for  linear  polarization  in  the  plane  of  scan  and  different  match  con¬ 
dition.  In  some  of  the  figures  the  planar  case  is  also  indicated  for  reference. 
As  expected  the  effect  of  the  curvature  is  substantial  only  in  the  circum¬ 
ferential  plane  (Figure  48-49  and  51-52).  The  effect  of  match  off  broadside 
is  shown  in  Figure  50  and  51  for  the  array  with  37  elements,  on  the  small 
cylinder.  Figure  54  and  55  show  analogous  curves  for  the  large  array  on 
the  same  cylinder.  For  match  off  broadside  the  gain  drop  off  at  80  degrees 
is  approximately  6  db  for  the  circumferential  plane  and  7  db  for  the  axial 
plane. 

In  Figure  56  to  67  curves  of  gain  and  axial  ratio  versus  scan  angle  for 
nominally  circularly  polarized  radiation  are  plotted.  In  this  case  the  axial 
and  circumferential  polarization  ports  are  excited  with  incident  waves 
having  equal  magnitudes  and  a  difference  of  phase  such  to  yield  for  the  axial 
and  circumferential  field  components  at  broadside  a  phase  difference  equal 
to  90  degrees.  Thus  in  general  the  "free”  excitations  of  the  two  ports  will 
not  be  in  phase  quadrature  because  of  the  different  phase  delays  of  the  two 
field  components  through  the  matching  networks  and  the  element  aperture. 

In  Figure  5  6  to  58  different  conical  sections  for  broadside  match  are  indicated 
for  the  array  with  37  elements.  In  Figure  59  to  61  similar  curves  are  plotted 
for  the  case  of  the  two  polarizations  separately  matched  (according  to  the 
discussion  of  Section  4).  The  drop  off  of  the  gain  is  remarkably  better  than 
for  broadside  match.  However  at  large  scan  angle  these  curves  exhibit  a 
gain  decrease  with  respect  to  the  peak  approximately  3  db  larger  than  that 
for  nominal  linear  polarization  (with  the  same  match  condition).  This  effect 
is  clearly  due  to  the  polarization  parallel  to  the  surface  which  for  radiation 
angles  close  to  grazing  incidence  is  almost  completely  rejected.  It  is  thus 
confirmed  the  convenience  of  switching  from  nominal  circular  to  linear 
polarization  (belonging  to  the  plane  of  scan)  when  extreme  angles  are 
approached.  Because  of  the  different  gains  for  the  two  polarizations  the 
axial  ratio  at  broadside  is  different  from  unity. 
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Figure  62  to  67  depict  gain  versus  scan  angle  and  axial  ratios  for  the 
array  with  313  elements  for  the  same  match  conditions  considered  for  the 
small  array.  The  general  features  of  these  curves  are  very  similar  to  the 
ones  for  the  small  array.  Interesting  enough  the  axial  ratio  is  slightly 
better  for  the  large  array. 
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6.  CONCLUDING  REMARKS 


There  are  applications  for  which  the  gain  of  a  scanned  antenna  is 
required  not  to  fall  below  a  certain  level  in  a  wide  angle  scan  region.  In 
these  cases  the  average  antenna  gain  in  the  scan  sector  is  a  parameter  more 
relevant  to  system  performance  than  the  maximum  gain  in  a  particular 
direction.  This  typically  occurs  for  a  satellite  to  aircraft  communication 
system  for  which  a  hemispherical  scan  coverage  is  ideally  demanded  by  the 
variable  attitude  and  aircraft  to  satellite  geometry.  The  conventional  uae 
of  terminals  consisting  of  protruding  mechanically  scanned  reflectors,  or 
some  other  form  of  aperture  radiators,  mounted  beneath  a  radome  is  severely 
limited  by  aerodynamic  drag.  A  conformal  array  of  flush  mounted  antennas 
presents  itself  as  the  complete  solution  of  the  problem. 

In  a  conformal  array  the  beam  can  be  scanned  generally  through  a 
combined  phase  and  amplitude  control  of  the  array  illumination.  Considering 
a  cylindrical  surface  (a  reasonably  good  geometrical  model  for  the  center 
part  of  an  aircraft  fuselage)  the  amplitude  control  may  serve  the  purpose  of 
moving  the  illumination  around  the  cylinder  axis.  In  this  way,  however,  the 
total  array  aperture  is  not  optimally  utilized  and  a  complicated  feed  system 
is  required.  In  order  to  save  on  the  number  of  radiating  elements  and  to 
simplify  the  feed  system,  it  is  advisable  to  rely  as  much  as  possible  on  con¬ 
ventional  element  phase  control. 

If  no  or  limited  amplitude  control  is  used,  in  order  to  obtain  a  wide 
angle  scan  coverage  it  is  necessary  to  make  use  of  radiating  elements 
having  a  realized  gain  pattern  with  a  small  gain  drop-off  with  angle.  In  this 
report  the  results  of  a  study  have  been  presented  having  the  objective  of 
assessing  the  feasibility  of  an  element  having  these  desirable  features  and 
of  establishing  a  practical  approach  to  its  design.  It  has  been  shown  that 
element  patterns  with  a  gain  variation  of  approximately  6  db  in  an  angular 
sector  of  ±80  degrees  around  broadside  can  be  obtained  by  using  a  technique 
consisting  of  inserting  special  "element  pattern  shaping  networks"  in  the 

Preceding  page  blank 
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waveguide*  feeding  the  radiators.  Their  purpose  is  to  enhance  the  radia¬ 
tion  oft  broadside  via  a  control  of  the  radiator  mutual  coupling  mechanism. 

It)  simplify  the  analysis  the  infinite  array  model  has  been  used.  Con¬ 
sequently  no  account  has  been  taken  of  the  end  fire  effect  which  for  a  finite 
array  exists  for  radiation  at  or  very  close  to  grazing  angles.  This  effect, 
related  to  interference  and  diffraction  at  the  array  edge,  is  particularly 
important  for  radiation  in  directions  close  to  the  cylinder  axis,  where  the 
infinite  array  model  always  yields  zero  radiation,  a  phypically  improbable 
result.  Although  no  substantial  difficulties  are  anticipated  in  analyzing  a 
finite  array  on  an  infinite  cylinder,  this  model  is  not  yet  accurate  enough 
because  the  fundamental  role  played  by  the  diffraction  at  the  edge  of  the 
structure,  on  which  the  array  is  mounted,  is  completely  neglected.  Little 
invest'  gat  ion  has  been  performed  in  this  area  and  very  useful  work  can  be 
done  to  study  these  effects,  (possibly  by  using  geometrical  theory  of 
diff raction)  and  to  devise  techniques  to  enhance  the  radiation  in  the  direction 
of  the  axis  of  the  structure. 
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TABLE  1 

PARAMETERS  OF  ELEMENT  PATTERN  SHAPING  NETWORK 
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TABLE  2 

PARAMETERS  OF  ELEMENT  PATTERN  SHAPING  NETWORK 


r  -  49.  m 


TEjj  Mode  Normalized  Waveuuide  Admittance 
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TABLE  3 

ARRAY  CHARACTERISTICS 


ARRAY  1 

Number  of  Elements:  37 

Element  Spacing:  h  -  0.  288A;  d  -  1  A 

Array  Maximum  Diameter  =  3.  45  X 

Gain  at  Broadside  (Equiphase  Match):  20.  8  db  at  f 

Gain  at  Broadside  (Match  for  i/R  -  k  sin  80’)  =  17.  8  db  at  f 

Gain  at  Broadside  (Match  for  w  =  k  sin  80°)  =  18.  9  db  at  f 

c 

ARRAY  2 

Number  of  Elemems:  313 
Element  Spacing:  h  =  0.  288A:  d  =  1A 
Maximum  Array  Diameter:  10.  6\ 

Gain  at  Broadside  (Equiphase  Match)  =  29.  9  db  at  f 

o 

Gain  at  Broadside  (Match  for  i/R  =  k  sin  80°)  =  26.  9  db  at  fQ 

Gain  at  Broadside  (Match  for  w  =  k  sin  80°)  =  28  db  at  f 
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Figure  1  -  Geometry  of  the  Structure 
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Figure  2  -  Element  Pattern  Shaping  Network 
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Figure  4  -  Reciprocal  Lattice  of  Cylindrical  Array 
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Figure  5  -  "Continuous"  Cut-off  of  Floquet-Bessel  Harmonics 
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Figure  h  •  Realized  Gain  Pattern.  Circumferential  Plane.  Circumferential 
Polarization.  Equiphase  Match  (R  =  99.  23\  ) 
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Figure  7  -  Realized  Gain  Pattern.  Circumferential  Plane.  Axial  Polarization 

Equiphase  Match  (99.  2"S\  ) 
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Figure  8  -  Realized  Gain  Pattern.  Axial  Plane,  Equiphase  Match 

(R  =  99. 23X  ) 
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Figure  9  -  Realized  Gain  Pattern.  Conical  Section  9  =  60  "C  Axial 
Polarization  Excited,  Equiphase  Match  (R  =  99.  23X) 
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Figure  10  -  Realized  Gain  Pattern.  Conical  Section  0  =  60°. 
Circumferential  Polarization  Excited.  Equiphase 
Match  (R  =  99.  23X) 
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Figure  1] 


Realized  Gain  Pattern.  Circumferential  Plane. 
Polarization.  Equiphase  Match  (R  =  49.62X) 
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Figure  12  -  Realized  Gain  Pattern.  Circumferential  Plane. 
Axial  Polarization.  Equiphase  Match  (R  =  49.  62X) 
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Figure  14  -  Realized  Gain  Pattern.  Conical  Section  8  =  60°.  Axial  Polariza 
tion  Exc:ted.  Equiphase  Match  (R  =  49.  62 A) 
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Figure  15  -  Realized  Gain  Pattern.  Conical  Section  6=  6(T. 
Circumferential  Polarization  Excited.  Equiphase  Match  (R  =  49.  62X) 
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Figure  18  -  Realized  Gain  Pattern.  Axial  Plane.  Equiphase  Match 

(R  =  1 1.  57X) 
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Figure  19  -  Realized  Gain  Pattern.  Conical  Section  0  =  60‘ 
Polarization  Excited.  Equiphase  Match  (R  =  11.  57X) 
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Figure  20  -  Realized  Gain  Pattern,  Conical  Section  9  -  60  ,  Circumferential 
Polarization  Excited,  Equiphase  Match  (R  =  11.  57X) 
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Figure  22  -  Realized  Gain  Pattern.  Circumferential  Plane. 
Circumferential  Polarization  (R  =  49.  33X.) 
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Figure  24  -  Realized  Gain  Pattern.  Conical  Section  0=  60°. 
Axial  Polarization  Excited.  Equiphase  Match  (R  =  49.  33\) 
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Figure  25  -  Realized  Gain  Pattern,  Conical  Section  0=  30°. 
Axial  Polarization  Excited.  Equiphase  Match  (R  =  49.  33X) 
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Figure  26  -  Realized  Gain  Pattern,  Conical  Section  e=  60°. 
Circumferential  Polarization  Excited,  Equiphase  Match  (R  =  49.  33\) 
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Figure  27  -  Realized  Gain  Pattern.  Conical  Section  8=  30°. 
Circumferential  Polarization  Excited.  Equiphase  Match  (R  =  49.  33\) 
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Figure  28  -  Realized  Gain  Pattern.  Conical  Section 0  =  60°.  Axial 
Polarization  Excited.  Match  for  w  -  k  sin  80°  (R  =  49.  33X.) 
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l.  Conical  Sectic..  0=  30°.  Axial 
:or  w  =  k  sin  80°  (R  =  49.  33X.) 


Figure  30  -  Realized  Gain  Pattern.  Conical  Section  0  =  60°.  Circumfer¬ 
ential  Polarization  Excited.  Match  for  i/R  =  k  sin  80°.  (R  =  49.  33X) 
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Figure  31  -  Realized  Gain  Pattern.  Conical  Section  9  =  30°.  Circumfer 
ential  Polarization  Excited,  Match  for  i/R  =  k  sin  80°.  (R  -  49.  33\) 
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Figure  32  -  Realized  Gain  Pattern.  Circumferential  Plane. 
Axial  Polarization  (R  =  49.  33X.) 
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Figure  34  -  Realized  Gain  Pattern.  Axial  Plane. 
Axial  Polarization.  (R  =  11.  61  X.) 
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Figure  35  -  Realized  Gain  Pattern.  Conical  Section  6  =  60°. 
Axial  Polarization  Excited.  Equiphase  Match  (R  =  11.  6 IX.) 
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Figure  36  -  Realized  Gain  Pattern.  Conical  Section  6=  30°, 
Axial  Polarization  Excited.  Equiphase  Match  (R  =  11.  6 1  X ) 
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Figure  37  -  Realized  Gain  Pattern.  Conical  Section  0  =  60°. 
Circumferential  Polarization  Excited.  Equiphase  Match  (R  =  11.  6IM 
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Figure  38  -  Realized  Gain  Pattern.  Conical  Section  0  =  30°. 
Circumferential  Polarization  Excited.  Equiphase  Match  (R  =  11.  61  \ ) 
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Figure  39  -  Realized  Gain  Pattern.  Conical  Section  0=60. 
Axial  Polarization  Excited.  Match  for  w=ksin80  (R=  11.  6 IX) 


75 


■•••• •  2  a  •  • •••■• t  a  a  ka ••<••••■<• iiaii •aaaataaaa iMaiiiiiil 

•  ••••••» f aaaaa a •  a  a  a  «  a  a  a  a  a  a  a  a  aa  a a aaa 1 1 - 

«••••■••■ aakaaaaaaa aiaii aaaaa aaaaa iaaaaaaiaaaaaaa  I 
-  .  mil  i  i •■■■■•iia*  1 

•••••a 

'  - - - - - -  ■  aaaaa  aaaa-aaaaa  ■•■■■■■  ■ 

law . .  I 


• m ii in i 


•  III  ••■■Mila. 
- uiuai 

_ I  III! 

IIMIMIII 

..........  ::::t:uu 

_ 

•  •  •  | a  ••  •  •  |  a  l\>  n  • 

- . — ■ 


■III  .la 

.aaaaaaaa. 
■Ilaiaiaaa 
••••tfllil 


iiiii|ii(i|iii«iti  _ 

•I  I  III  I  lllll  Ml  1 1 


■  a'i<i<»>||ai-ii.|  ■  *11  Ilf  (  a  a  •  a  ill _ 

•  “*  ■  1  /  IiV  I  •  '»  I  I  aalllllllilliiiii  ■ 

a  a  T.  .  ff-ll  •  A  -  I  I  I  '  I  •  «  *  at  mla  I BM  I  III  1 1  I 

Sill  •  •  III  Hill  IMMMMI  «•••*  hllaiiaaiialaai  ■••iill.iltiiiiiiii  a  . aaaaasllalaalaaaaaaa aaaaa aaal 
■  iiainiiiiiilliHiii  Mill  •  a •  •  &  ■  la  aaiaaaiaanaaialaaaialiaaaa  .ainaaaai  aaaiaaaaaaaaaaaiatai  I 
•  ■■■■■••■■•■■■•I  iM»«aniiin»a  la  ••••••••  •  ■■■  •  HaiiaaMiiaiiiiaaiiiaaiiiaaaniiiiMMit.ia.iMai.iaaal 

JMliiami  iiliiMiM  ■■•••  •■•■#••••1  ••■aiillii  l  •  1 1  ■  •  ■  ill  ■■••■•■•ii  i  ,i  aiimiiiai  aaaia  ■ 

•Minim  ii  ii  i  mil  iimiiH  iiiniaiili  aaiimiann  .a.  ••  a  ■  .4  ».i  «•  ••  a  <■••••••■ 

iMIHIIIflimMIIIIMIIlMItMIMIMHai.a. . III.  il  la  i  ai|lt  .1  ln.i  ai  I  a  a  .  1 1  a,  .  a  ■  4  m  I 

••••■•■••••alilltaillllll  mill  III  I  ••■■••••a|iiiiiiaa«44alllliilaiaaaiis4S4aiaaiaei»»i  aaiaaaaia  imi  aaaaa  ■ 

ill  I  aiifiimi  limanitiiiiiiiiii  •••aaaiaiiaiiiiaaaaiiMaiiaaiiaaaaaaaaaaiaaaiaaaiiiaaaaiaaaiiaaaaaaaaal 

'  llllim  ■  I  ••  il  M«i  If  in  illimmiiiiliiimiimiiiiliimimimiiiimiiiimiiaimiimil 

- 2 - ■  (•illmilllll  imanaaa  «•»  .' a  lx  >ia  ■  - « 1 1  ■  •  a  .an  ■  .4  ■  >4  1  ilia  ,'ii.itil 

III)!  (MMlfMI  Iiffi  life;  fit  il  •  I.  *  a  ..  I  .III  III  ■  <a  i  •  a  a  .  a  'a  •  111111  •  a  •  ■ 


■■■•■•••il M 
•  ■III  •  IMI  III 


mas 

ii iiif iiilll •!■•• lilli ftiiiliifa iliil lilljiiiiiiiiii liiiiiiiii aaaaa 
'  •  •••*#•»  an  imi  a  an  a  iiimiii  fcinif  »  mil  iiiii  aaaaa  I  ■•••«■■••  aaaaa  aaa|aiaaia 

Hi  aaia  aaaaa  aaaaa  If— l||i|lili«  aiifliaii  lllll  ill  •  ••■■■■•■■I  a  a  a  a  a  a  a  a  a  a  a  a  a  a  a  a  aa  a  a 

ill  I  III  lllll  Mill  UiiliiMMlIl  •  ••■•••nilllllaiaaa  lm  lllll  ■  Mil  mamaaa  aaaaa  ■  ■  ■■  ■ 

ill  «iiiliiiiifiiiiiili|i*Miii  •••••••■■••■••■■aMiiiiiiiiiiiiiiiiiiiiimiimiii  •■••••■m 

1. 1  n»  »inn  liMHiHiiMi  iiiin  iii  11  nn  ■  iiiii  mu  ■•■••■■ill 
•  la  ia  *nii  iiiii  aim  limn  an  iiiiiiaan  ■•■■■■■■■•  aalaa  ■•■■■•■■■1  ••  lain 


•  ■■■■•am  •  ■  a 4  _ 

,n:t 


■■••I 


Ilialalaaill  ill 
•••••■•■■■■■ail 

lliaial laiaaaaaai ■ 

(•imi •■iiiii - 

T  IlllH 

lllll 


2  •  •  mi  •••  ■  •  I 

lUiiiiinl 

fcaaal* 


_ _ _ _  _ ■■■■  •  ■■•■■■mum  mia| 

- - -  - ••aaiiiimiiimiimimmmiamiim  •■•iiiiiu  I 

Inn  ■•  •■•••■•••  ••  ■•••  •••*■••••••  ■•  iiiii  mi  I  mil  ■•■•■■•■•■  1  ■iiimiii  I 

JJIIIIJII  •  ■  ■  •  •  •  a  a  a  a  a  aa  a  a  a  a  a  a  a  a  a  a  a  a  a  a  a  •  ■  a  •  ■  ia  aaa  aaaaa  g  aiaaiMla  | 


*|imm  ••  •  ••••■•••••  ■■■■■••■■••■••■  ••■••■■•••  ■ - 

•*••••■••• •• illllll* •■■■■■•■•■ ■■■■•••■■• liaiiaiiilillliliail aa Baa aaaia 
iHilMiiiMiiiiiiiiiiiiMiiiiiiiiiiiiii  ••  mini  •  fmaiiaii  ■••iiiiiii 
Mail  •  kini  iiiiii  ■■  •■  ■■■■■■■■  ii  •■■■■■■■  ••■■■■■■■••■■■■■■■«« 

••■••••■■1  liainnaniiminniniinii  ■•■■••■■■■•■■  it  ■■•••  iiiiiiiui 

••■■••••■«  imlifiiimimiii  •••••••  ■■  ■  •••■■  . . iiiiiu  lain - 

■  •••in  iiiii  ■•■  ■•  ■  ■  ••■  iiiii  Jain  Mm  iii  •  •  in  iM«i  lain 

'!l|llllllllllllfl  flllNIMI  ■■III  lllll  ••i|lill|l  |  •■£•  lllll  - 


||4  mu  aim  •■•■■aamaamii%iiiimn 

•  ■•••••■  aaa  a  a  ami  ■ 

ilHHiiiliiilijiiii 


■  •  1(1(1  Ilill  lilai  ■■■  ii  iiaiaiaiaanaai 

■a  Mill  ififiami  ■■■***< - - 

aaaiaaaailiaaaaaaiaaaiii 

■  Mali 
aanai 


nm  inn  mn  iiiii  iiiii  I 

•  ■■•■•■■aii n  n a ilia  ar - - - ■ 

--------lllll  aillilHai  aiiam 

{■•■••■■mm  ■  alia  lam (■■•■•1 
■  aniimniniin  .  _ 

■■  :}|!— 2laaiifiS!3S£CSSiii2i5il 

■■••-•■■■■  ■•■ 

iiiiiniiiiiL.., _ ... 

_ -ill  an.'i  ■•■••■■••■■■■■■■■■•  ••••■■* 

Ilia  I  aaiaaival  aaaaaaaaalar" - - 

*  *  *  ?  ::::::::: 

•III! ••••••■••■ I II I Ilf II aaaaa ■■■■( aaiaa | 


•I aaaaaiaaia •  .  _ 

•  •  1  a •■•  ••(••  laaai •  ma  I 

■  •  limiam  aina 

.  _  _••••■■•••■■•••■■■ 

4  aaaffa  ■  a  a  a  a  •  I  a  ia  aaaia  aaa  aa 

;;  iiiMfli;; 

ila  iikiaiiiii  m  ■  I  Ii  in  ■  aiaiaaaiail  aii  •■■■  a  alia  ■ 

11  a  ll  ■■  ii  •  miii  a  an  a  | 

•  ■•i«  *am  iiaam ail  ■•■■!•  aiaafl 

•  ••••  ■••••  laaai  ami  •••#•  a  ala  a  I 

:::::::::: 


■  ■■■•■■■••■mi 


i  iii  iniii  iiiii  iii 

stR:ssas9::us:::: 

■((iiilili iiiii (liiir 2 

-  -  -  Mil? Iff ••••••• 

iiiii  iiaii  iiaan ■■■■  aaaaa 

- siiiiiil 


Hiiiiili 

Mill  Mail  nin  •■•■■igaiiinin 
Ii4HI.nl  aaaaaiiaaa aiaaiaaaia  • 


■  liniiil  anil  Km  ••§■■■•■■■  I 
■■(•■(iii iiiii iii- 
■aii 1 iiii • • • mnnii 

■  aaaaaaaa  a  a  aaa  aim  maauaia 

■  in  aaaiaaMiaNMi  mnaa^ia 

•  ••■iiiii . . 

-  —  - - rT  1  mi  1 

•iuiiiiu 

•ailaiaaia 


WIHmifllliBffllE 


SmS  ■ 

iiiiiliflaB (*•■••••< 

•  ■■a  a  inn  ■•  aailiii 

iiiii  iSSki iiiii  iiiii  L- 

-_--iiiii  •iiiiiiMiinliiili 

>• ••• aaaaaaa iiai a aaa aa aaaaa ■•■■■■••■■ a a aaa  I 

- 1 1*cliiii*iii  inn  imi  ■••■•tana  ■ 

■  ■••■■aa  iiiiiimiiiuiuaia  ■ 


:::::::: 


■  aaaaaaaa  ■••■■  ■■•■■  ami 


■il**1 

■■■III 

■  aim 


•a  aaa  a  a  aaaaa  I 


•  ■ 


i1iiliyy^lliyiiyyiii!!!!!y!!iy:ii!0iy^l(iiii!yiiii!iiiiyi!H 

paiianiyc;^ 

if§iffiyyiOnHra^!ii!i!]iHiilHi!n!!nH!^BI8H3lliniHi!i!li!liniHininiH!i!i![!UH!i!Hiill!yH 


■  aaal  alii 
•  •••(••■• 
•aaal ian 
4  aaaa aaaia 


yyiysgiiiyyiyiliilii 

LliiiiniHHi 


Figure  40  -  Realized  Gain  Pattern.  Conical  Section  0  =  30u. 
Axial  Polarization  Excited.  Match  for  w  =  k  sin  80°  (R  =  11.61X) 
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Figure  41  -  Realized  Gain  Pattern.  Conical  Section  0  =  60°. 
Circumferential  Polarization  Excited.  Match  for  i/R  =  k  sin  80°  (R  =  11.6 IX) 
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Figure  43  -  Realized  Gain  Pattern.  Frequency  Sensitivity 
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Figure  44  -  Realized  Gain  Pattern.  Frequency  Sensitivity 
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Figure  45  -  Maximum  Angular  Extension  of  Array  Aperture 
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P  igure  46  -  Array  Pattern.  Circumferential  Plane.  Circumferential 
Polarization.  Number  of  Array  Elements  37 
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Figure  47  -  Array  Pattern.  Circumferential  Plane.  Circumferential 
Polarization.  Number  of  Array  Elements  313 
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Figure  48  -  Array  Scan  Coverage.  Circumferential  Plane.  Circumferential 
Polarization-  Equiphase  Match.  Number  of  Array  Elements  37 
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Figure  49  -  Array  Scan  Coverage.  Axial  Plane.  Axial  Polarization. 
Equiphase  Match.  Number  of  Array  Elements  37 
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Figure  50  -  Array  Scan  Coverage.  Circumferential  Plane.  Circumferential 
Polarization  Match  for  i/R  =  k  sin  80°.  Number  of  Array  Elements  37 
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Figure  51 


Array  Scan  Coverage.  Axial  Plane.  Axial  Plane  Match  for 
w  =  k  sin  80°.  Number  of  Array  Elements  37 
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Figure  52  -  Array  Scan  Coverage •  Circumferential  Plane.  Circumferential 
Polarization.  Equiphase  Match-  Number  of  Array  Elements  313 
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Axial  Plane.  Axial  polarization. 
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igure  54  -  Array  Scan  Coverage.  Circumferential  Plane.  Circumferential 
Polarization  Match  for  i/R  =  k  sin  809.  Number  of  Array  Elements  313 
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Figure  55  -  Array  Scan  Coverage.  Axial  Plane.  Axial  Polarization  Match 
for  w  =  k  sin  80°.  Number  of  Array  Elements  313 
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Figure  56  -  Array  Scan  Coverage.  Circumferential  Plane.  Circular 
Polarization.  Equiphase  Match.  Number  of  Array  Elements  37 
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Figure  57  -  Array  Scan  Coverage.  Conical  Section  0  =  60°.  Circular 
Polarization.  Equiphase  Match.  Number  of  Array  Elements  37 
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Figure  58  -  Array  Scan  Coverage.  Conical  Section  0  =  30°.  Circular 
Polarization.  Equiphase  Match.  Number  of  Array  Elemen  s 


94 


UNCLASSIFIED 


Figure  59  -  Array  Scan  Coverage.  Circumferential  Plane.  Circular 
Polarization.  Number  of  Array  Elements  37 
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Figure  60  -  Array  Scan  Coverage.  Conical  Section  6  =60°.  Circular 
Polarization.  Number  of  Array  Elements  37 
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Figure  61  -  Array  Scan  Coverage.  Conical  Section  9  =  30°.  Circular 
Polarization.  Number  of  Array  Elements  37 
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Figure  6 Z  -  Array  Scan  Coverage.  Circumferential  Plane.  Circular 
Polarization.  Equiphase  Match.  Number  of  Array  Elements  313 
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Figure  63  -  Array  Scan  Coverage.  Conical  Section  6  =  60°.  Circular 
Polarization.  Equiphase  Match.  Number  of  Array  Elements  313 
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I 


Figure  64  -  Array  Scan  Coverage.  Conical  Section  0  =  30°.  Circular 
Polarization.  Equiphase  Match.  Number  of  Array  Elements  313 
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Figure  65  -  Array  Scan  Coverage.  Circumferential  Plane.  Circular 
Polarization.  Number  of  Array  Elements  313 
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Figure  66  -  Array  Scan  Coverage.  Conical  Section  1  =  60°.  Circular 
Polarization.  Number  of  Array  Elements  313 
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if 


Figure  67 


Array  Scan  Coverage.  Conical  Section  0  =30°.  Circular 
Polarization.  Number  of  Array  Elements  313 
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APPENDIX  A 

ORTHONORMALIZED  EIGENEXCITATIONS 


The  eigenexcitations  could  be  found  from  the  inspection  of  the  form  of  the 
scattering  matrix  (analytical  counterpart  of  the  symmetries  of  the  physical 
structure).  The  method  has  been  described  elsewhere  for  cylindrical  arrays 
with  a  finite  number  of  element  rings  [6] .  For  the  infinite  array  the  procedure 
is  different  only  for  analytical  details  and  therefore  will  not  te  discussed 
here.  It  can  be,  however,  promptly  checked  that  (7)  are  in  fact  eigenexcita¬ 
tions,  by  observing  that  any  congruence  represented  by  ps^  +  qs^  with  p  and 
q  integers  have  the  effect  of  multiplying  (7)  by  the  constant  (i.  e.  independent 
of  m  and  n) 


expOjv^  (pSj  +  qs2)] 


and  recalling  that  the  scattering  and  symmetry  matrices  commute.  The 
normalization  constant  in  (7)  is  determined  from  the  formal  statement  of 
completeness,  which  in  this  case  is  written: 


jr  £  (£’  wo)  emn  (£'  wl) 

m=0  n=-« 


6ik  6,™0  •  W1> 


(Al) 


Introducing  into  (Al)  the  expressions  (7)  of  the  eigenexcitations,  with  an 
undetermined  multiplicative  constant  D,  the  following  relationship  is  easily 
obtained: 


Preceding  page  blank 
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n2  ^  j(i  -  k)N  n  j(w0  ■  Wl)nh  M  j(i  -  k)TT 

E  6  e  E  8 

n--®  m=0 


2  +«,  j(^0  -  w1)nh 


D  £ 


N6ik =  °z  I1 6<w0  -  wi>  v 


where  the  last  equality  is  established  by  considering  the  expansion  of  a 
periodic  delta  function  and  by  taking  into  account  the  fact  that  all  the  longi¬ 
tudinal  numbers  are  obtained  by  having  w  wandering  in  the  interval 
-tf/Zh  <  w  £  */2h.  This  last  assertion  can  be  easily  justified  by  considering 
the  reciprocal  lattice  of  points  (9)  on  the  plane  u,  w  depicted  in  figure  3  for 
2^=0.  It  is  clear  that  a  "repetive”  cell  is  represented  by  the  rectangle  B 
shadowed  in  figure  4,  i.  e.  every  point  of  the  plane  scan  belonging  to  it  can 
be  obtained  by  translating  a  point  of  B  by  pt^  +  qt^  with  p  and  q  integers. 

This  shows  that  every  eigenexcitation  (7)  is  uniquely  characterized  by  a  poii  i; 
2^  in  B.  It  is  to  be  noticed  however  that  while  w  can  take  a  continuous  range 
of  real  values,  uq  is  limited  to  take  the  discrete  set  of  values  represented 
by  the  integers  between  -N  and  N-l. 
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APPENDIX  B 

EXPRESSION  OF  TRANSFORMS  OF  VECTOR  MODE  FUNCTIONS 


From  the  expressions  of  the  polar  components  of  the  Fourier  Transform 
of  the  axial  and  circumferential  fundamental  modes,  given  in  [10],  the 
rectangular  components  are  easily  calculated.  They  are  given  below  for 
reference. 

Let  us  consider  the  wave  number  plane  u,  w  and  let  us  put 


t  =  /  u2  +  w2  ; 


u  w 

cos  p  =  —  ;  sm  p  =  — 


then  the  u,  w  components  of  the  Fourier  Transform  of  the  fundamental  TE^ 
mode  circumferentially  polarized  are  given  by: 


£c,=  A[^Vat)-^V..| 


^11 


(Bl) 


_  f  J,( 

cw  =  A  -  -  + 


J^(at)  a  J'^(at) 


1  - 

x> 

\  11/ 


sin p  cosp 


(B2) 


For  the  axial  mode,  the  corresponding  components  are: 


fiau=  -  scw 


(B3) 
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£ 


aw 


.  2 

sin  n 


J^at) 


(B4) 


In  (B1)-(B4),  "a"  represents  the  radius  of  the  radiating  element,  is  the 
Bessel  function  of  first  kind  and  order,  is  its  derivative  and  is  the 

first  solution  of  the  equation  J'jfxj  =  0.  The  amplitude  constant 


is  obtained  by  imposing  the  normalization  condition: 


//%<£>  •*<■><*  =  6.k 


(B5) 


6^  being  the  Kronecker's  symbol,  and  i  and  k  being  in  this  case  the  subscript 
c  and  a. 
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APPENDIX  C 

DERIVATION  OF  THE  EXPRESSIONS  FOR  THE 
REFLECTION  AND  MODE  CROSS  COUPLING  COEFFICIENTS 


First  the  expression  (21)  for  the  aperture  transverse  magnetic  field  will 
be  derived.  With  reference  to  Figure  2  the  reflection  coefficient  for  the 
excited  axial  mode  can  be  expressed  through  the  terminal  active  admittance: 


F  (u  )  = 
a'— o' 


G  -  fa  (u  )  +  j(B  (u  )  -  B  \1 

ao  L  av— o  J  \  a  — o  ao/J 

G  +  [G  (u  )  +  j  (B  (u  )  -  B  )1 

ao  L  a  — o  J  V  a  — o  ao/J 


The  susceptance  -jB  shunts  the  aperture  admittance  G  (u  )  +  jB  (u  ) 

3.0  3  “O  3  “O 

therefore  the  modal  current  for  the  axially  polarized  mode  on  the  aperture 
section  is  given  by: 

Xa  =  [  *  "  WKo-[‘+  WK^ao)  <C2> 


The  modal  current  for  the  circumferentially  polarized  component  is  on  the 
other  hand  given  evidently  by: 


T 

"c 


:MG< 


(C3) 


where  the  minus  sign  depends  upon  the  convention  for  the  positive  sense  of 
current  (consistent  with  CZ).  From  (C2)  and  (C3),  eq.  (21)  is  promptly 
obtained. 

To  proceed  further  it  i  j  convenient  to  use  (22-23)  and  to  write  the  ex¬ 
pressions  of  the  z  and  'P  components  of  the  tangential  magnetic  field  on  the 
cylindrical  surface  as  it  follows: 
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+  ®  +  00 


Hz(R,  i  ,  z) 


E\  ^  a(u  )  A  (u  )  + 
7  v-opq'  *v-opq' 

p  -  -to  q  =  -oo  L 


b(u  )  A  (u  ) 
— opq  z  — opq 


(C4) 


-JU  s 

.  *-°pq- 


+  00  -t  01 


H^(R,  4,2)  =  ^  ^2 


p=-co  q  -  -oo 


c(u  )  A  _(u  )  + 

—opq  ^  — opq 


d(u  )  A  (u  ) 
—opq  z  -opq 


(C  5) 


-JU  8 

.  J-opq- 


where  the  expressions  for  a(u  ),  b(u  ),  c(u  )  and  d(u  )  are  easily 

—opq  —opq  —opq  — < opq  7 


established,  by  comparison  with  (22)  and  (23) 

4n2^ 


a(u  ) 
-opq 


2  2 

k  -  w  H 

opq 


j  kn  C 


4tt  (i  +pN)  w 

b(u  )  - _  °W 

-opq  _ 


i+pN  (R\/^"f^) 
i+pN  (RVk2‘W opq) 

H'itpN  (R  V 


(C6) 


,2  2 

k  -  w 

opq 


jklCR\/k2-w^q 


d(u  J= 
-opq' 


h,2):  n  h/k2-w2  \ 

1+pN  l  V  opq  I 

U  ,  j-1"'  I^PN^opg  H'i+pN  \R\/lc2  ~  Wopq ) 

NT  (R\lkZ  ~  ^  ^ 

i  +pN  i  v  opq  j 

2>  (rx/^-w*) 

*  4pN  \  V _ opq  /  , 


(C7) 


c(u  )  = 

v— opq 


knCRi 

1,2  2 
/  k  -  w 

\ 

/  opq 

(C8) 


4n 


-(i  +pN)2  w2 

v  opq 


H<2> 


rV 


2  2  u(2)' 

k  -  w  H  .  ,  .T 

opq  l +pN 


H 


, 2  2 
k  -  w 

opq 


H  . 


(2)' 


i  +pN 


RV 


i  2  2 

k  -  w 

opq, 


,  2  2 
k  -  w 

opq 


“'i’+pN  (RV 


D  ^  ^T2  2" 

R  \/  k  -  w 


opq 


(C9) 
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It  is  convenient  to  write  the  expression  of  the  transverse  magnetic  field  in 
vector  form,  combining  (04)  and  (C5): 


Ht  (R,  4,z)  =  Hz  (R,  4,  z)  z  +  (R,  4,z)$ 


(CIO) 


Applying  Galerkin's  method,  the  difference  between  the  expressions  (CIO) 
and  (21)  for  the  magnetic  field  is  scalarly  multiplied  by  the  magnetic  field 
vector  mode  function  pQ  xe^ls),  and  integrated  over  the  reference  element 
aperture  A.  The  following  equation  is  obtained: 


r  (u  )  I  a  +  Ti  +  r  (u  )1  jB 

a  — o  J  ao  [_  a  — o  J  J  ao 


=  /  /  <e  H  -  e  H  )  dA 

I  I  -  ay  z  az  'P 

J  J  A  //->  1  1 


(Cll) 


where  e  and  e  are  the  y  and  z  components  of  e  ,  and  use  has  been  done 
avp  az  r  —a 

of  the  orthonormalizaticn  condition  (B5). 

In  a  totally  analogous  way  the  other  equation  is  obtained: 


r  (u  )  (G  -  jB  ) 
ac  — o  co  J  co 


=  /  /  (e  H  - 

JJ  C*  z 


e  H  )  dA 
cz 


(C12) 


By  introducing  (19)  and  (20)  into  (22)  and  (23),  the  integrals  in  (Cll)  and 
(C12)  can  be  evaluated,  making  use  of  the  expressions  of  the  Fourier  trans¬ 
forms  of  the  vector  mode  functions,  given  in  Appendix  B.  The  following 
expressions  are  thus  established: 

i  -  r  (u  )  =  fi  +  r  (u  )1  [l  (u  )  -  jB  1+  r  (u  )  l  (u  )  (ci3) 

a  -o'  |_  a  -o  J  l  aa  - o  J  aoj  ac  — o'  ac'— o 

-  r  (u  )  =  fi  +  r  (u  )1  l  (u  )  +  r  (u  )  [l  (u  )  -jB  1  (C14) 

ac  — o  [  a  -o  J  ac  — o  ac'— o  |_  cc  — o  J  coj 


where  the  coefficients  L  ,  L  and  L  are  given  by: 

aa  ac  cc  r  ' 


L  (u  )  =  7  .  a  S2  ibfi  &  -  c  S  &  -  d  &2 

aa  — o  *— •  av  au  aw  aw  au  aw 

u  u 

-opq  J-opq 


(C15) 
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L  a  a  2  +  b  a  a  -  CS  g 

c.  u  cu  cw  cw  cu 

u  L 

-opq 


da 


2 

cw 


J  u 

— °pq 


(C 16 ) 


l  (u  )=y 

ac'-o  J  , 


u 

--opq 


a ^  a  +  ba  a  -  c  a  a 

cu  au  cu  aw  cw  au 


-da  a 

cw  aw 


(C17) 


u 

-opq 


In  (C15-C17)  the  simplified  notations  used  mean  that  the  functions  in  the 
square  brackets  must  be  calculated  in  the  points  of  the  lattice  (9)  of  the  u, 
w  plane.  From  (C13)  and  (C14),  equations  (24)  and  (25)  are  promptly 
established. 
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APPENDIX  D 

COMPUTATION  OF  CYLINDRICAL  FUNCTIONS  AND 
SPACE  HARMONICS  SERIES 


As  pointed  out  before,  the  computation  of  the  radiation  from  an  array 
over  an  infinite  cylinder  involves  the  evaluation  of  series  representing  the 
admittances  of  the  fundamental  modes  eq.  (24-25)  and  the  array  pattern 
eq.  (39).  The  only  difficulty  presented  by  eq.  (24-25)  to  computation  arises 

H(2)  (x) 

from  the  presence  of  ratios  of  Hankel  functions  — - -  for  |w  |  <  k  and 

H(Z)'  (x) 
n 


ratios  of  modified  Bessel  functions 


K(x)  I  , 

-r -  for  lwo  I  >k* 

Kn  M 


since  series  of 


these  functions  are  slowly  converging.  The  array  pattern  eq.  (35)  consists 

of  a  series  of  — rJr -  and  - - ,  which  are  of  easier  evaluation  than 

H  '  1  (x)  (2)  (x) 

n  rl 

n 

the  series  mentioned  before,  since  they  converge  very  rapidly  for  n  >  x.  On 
this  basis,  the  only  numerical  problem  one  faces  is  the  computer  evaluation, 

i 

with  high  speed  and  precision,  of  a  very  large  number  of  Jn(x),  Yn(x )  and 

K^(x)  Bessel  functions.  This  difficulty  can  be  overcome  by  making  use  of  the 

recurrence  formulas  peculiar  of  these  kinds  of  functions. 

For  the  Jn(x)  the  recurrence  formula  is  computationaly  very  stable, 

i.  e.  no  precision  is  lost  by  repeated  application,  for  decreasing  values  of 

n  and  for  constant  argument  x.  Since  J  (x)  -»-0  for  n  >>  x,  the  generation  of 

n 

the  J  (x)  can  procede  as  follows.  Set  J  (x)  =  0  for  m«  2  x  and  J  ,  (x) 
n  r  m  11  m-1 

equal  to  a  small  number;  then  by  repeated  use  of  the  recurrence  formula  all 

Jn(x)  are  generated  except  for  a  constant,  factor,  computed  by  imposing 

J  (x)  +  2  J,  (x)  =  1. 
o  2n 
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The  recurrence  formula  for  Y^fx )  is  stable  for  increasing  values  of  n. 

From  the  computation  of  the  J  (x),  the  Y  (x)  can  be  readily  evaluated  from 

no 

the  equation  Yq(x)  =  |  £y  +  log  x]  Jq(x)  -  ~  ^  (-1)  K  —  (Y  =  Euler' 

K 

constant)  and  Y^(x)  through  the  Wronskian  relations.  Then  by  repeated  use 
of  the  recurrence  formula  all  desired  Yfl(x)  are  computed.  A  similar  pro¬ 
cedure  is  applied  for  the  evaluation  of  the  K^(x)  functions. 

The  computational  method  just  outlined  enables  the  achievement  of 
relative  precisions  of  10'^  and  high  speed.  On  the  computer  UNIVAC  1108 
an  estimated  time  of  20  psec  is  required  for  the  evaluation  of  a  single 
Bessel  function.  The  same  computer  time  is  necessary  for  the  generation 
of  a  value  of  a  sine  or  cosine  function. 

Given  the  convenience  of  computing  Bessel  functions  for  constant  argu¬ 
ment  and  variable  order,  the  space  harmonics  of  eq.  (24-25)  and  (35)  are 

generated  for  constant  values  of  w  and  each  series  for  the  index  i  is  then 

-8 

evaluated.  Relative  precision  of  10  has  been  achieved  all  through  the 
computations  of  L  (u  ),  L  (u  ),  L  (u  )  of  (24-25)  and  of  the  radiation 

cL  3-  ““O  CC  ““O  a.C  —O 

pattern  of  (35) 
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realized  gain  pattern  of  the  radiators  can  be  modified  to  a  considerable  extent  by 
using  an  ''element  pattern  shaping  network"  (in  the  radiator  waveguides),  serving 
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network  design  are  given.  A  series  of  numerical  examples  illustrates  the  tech¬ 
nique  and  shows  that  a  "flat1 1 element  pattern  can  be  thus  obtained  with  a  gain  fall 
off  with  respect  to  the  peak  of  less  than  6  db  at  80  degrees. 
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